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Abstract. In this note we reprove generalized Ho¨lder’s inequality in weak Morrey
spaces. In particular, we get sharper bounds than those in [2]. The bounds are
obtained through the relation of weak Morrey spaces and weak Lebesgue spaces.
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1. INTRODUCTION
Ho¨lder’s inequality is one of the classic inequality which is proved by L.J.
Rogers in 1888 and reproved by O. Ho¨lder in 1889. Many researchers have obtained
new results related to Ho¨lder’s inequality. Recently, Ifronika et al. [2] obtained
sufficient and necessary conditions for generalized Ho¨lder’s inequality in generalized
Morrey spaces. Furthermore, they also get similar results for weak Morrey spaces
and generalized weak Morrey spaces. In this paper, we present new bounds for
generalized Ho¨lder’s inequality in weak Morrey spaces which are sharper than those
in [2].
For 1 ≤ p ≤ q < ∞, the weak Morrey space wMpq(R
n) is the set of all
measurable functions f : Rn → R such that
‖f‖wMpq = sup
B=B(a,r),γ>0
|B|
1
q
−
1
p γ |{x ∈ B : |f(x)| > γ}| <∞.
Here |B| denotes the Lebesgue measure of open ball B = B(a, r) centered at a
with radius r. Note that ‖ · ‖wMpq defines a quasinorm on wM
p
q(R
n). Furthermore,
if p = q, then wMpq(R
n) = Lp,∞(Rn). Thus, wMpq(R
n) can be considered as
generalization of weak Lebesgue space Lp,∞(Rn). Consequently, the quasinorm
‖ · ‖wMpq can be rewritten as
‖ · ‖wMpq = sup
B=B(a,r)
|B|
1
q
−
1
p ‖ · ‖Lp,∞(B),
where ‖ · ‖Lp,∞(B) is a quasinorm on weak Lebesgue spaces L
p,∞(B).
From [1], we have the inclusion relation between weakMorrey spaceswMp1q (R
n)
and wMp2q (R
n) for 1 ≤ p1 ≤ p2 ≤ q <∞, as stated in the following theorem.
2000 Mathematics Subject Classification: 26D15, 46B25, 46E30
1
2 A. WAJIH AND H. GUNAWAN
Theorem 1.1. [1] If 1 ≤ p1 ≤ p2 ≤ q <∞, then wM
p2
q (R
n) ⊆ wMp1q (R
n) with
‖f‖wMp1q ≤ ‖f‖wM
p2
q
for every f ∈ wMp2q (R
n).
2. MAIN RESULTS
Let us first state sufficient and necessary conditions for generalized Ho¨lder’s
inequality in weak Morrey spaces [2].
Theorem 2.1. [2] Let m ≥ 2. If 1 ≤ p ≤ q < ∞ and 1 ≤ pi ≤ qi < ∞,
i = 1, 2, . . . ,m, then the following statements are equivalent:
(i)
∑m
i=1
1
pi
≤ 1
p
and
∑m
i=1
1
qi
= 1
q
.
(ii)
∥∥∥∥∏mi=1 fi
∥∥∥∥
wM
p
q
≤ m
∏m
i=1 ‖fi‖wMpiqi
, for every fi ∈ wM
pi
qi
(Rn), i = 1, 2, . . . ,m.
Now we will refine the statement of Theorem 2.1, particularly the part which
states that (i) implies (ii). Precisely, we will replace the bound m with a smaller
constant.
Theorem 2.2. Let m ≥ 2, 1 ≤ p ≤ q <∞, and 1 ≤ pi ≤ qi <∞, i = 1, 2, . . . ,m.
If 1
p∗
=
∑m
i=1
1
pi
≤ 1
p
and
∑m
i=1
1
qi
= 1
q
, then for every fi ∈ wM
pi
qi
(Rn) we have∥∥∥∥
m∏
i=1
fi
∥∥∥∥
wM
p
q
≤
m∏
i=1
(
pi
p∗
) 1
pi
‖fi‖wMpiqi
.
Proof. Let fi ∈ wM
pi
qi
for i ∈ {1, 2, . . . ,m}, B = B(a, r) ⊆ Rn, and θ > 0.
Suppose that s0 = θ and sm = 1. Note that for every s1, s2, . . . , sm−1 > 0 we have
|{x ∈ B : |f1f2 · · · fm(x)| > θ}| ≤
m∑
i=1
∣∣∣∣
{
x ∈ B : |fi(x)| >
si−1
si
}∣∣∣∣
≤
m∑
i=1
‖fi‖
pi
Lpi,∞(B)
(
si
si−1
)pi
=
m∑
i=1
aiy
pi
i
with
ai = ‖fi‖
pi
Lpi,∞(B) and yi =
si
si−1
.
Consequently, for every y1, . . . , ym > 0, we have
|{x ∈ B : |f1f2 · · · fm(x)| > θ}| ≤
m∑
i=1
aiy
pi
i .
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By choosing
yi =

m−1θ−p∗a−1i
m∏
j=1
(
pj
p∗
) p∗
pj
a
p∗
pj
j


1
pi
we get
|{x ∈ B : |f1f2 · · · fm(x)| > θ}| ≤
m∑
i=1
aiy
pi
i
=
m∑
i=1
ai

m−1θ−p∗a−1i
m∏
j=1
(
pj
p∗
) p∗
pj
a
p∗
pj
j


= θ−p
∗
m∏
j=1
(
pj
p∗
) p∗
pj
‖fj‖
p∗
L
pj,∞(B)
.
Moreover,
|B|
1
q
−
1
p∗ θ |{x ∈ B : |f1f2 · · · fm(x)| > θ}|
1
p∗ ≤ |B|
1
q
−
1
p∗
m∏
i=1
(
pi
p∗
) 1
pi
‖fi‖Lpi,∞(B)
=
m∏
i=1
(
pi
p∗
) 1
pi
|B|
1
qi
−
1
pi ‖fi‖Lpi,∞(B)
≤
m∏
i=1
(
pi
p∗
) 1
pi
‖fi‖wMpiqi
.
By taking the supremum over all open balls B and θ > 0, we have∥∥∥∥
m∏
i=1
fi
∥∥∥∥
wM
p∗
q
≤
m∏
i=1
(
pi
p∗
) 1
pi
‖fi‖wMpiqi
.
Hence, by using Theorem 1.1, we get∥∥∥∥
m∏
i=1
fi
∥∥∥∥
wM
p
q
≤
∥∥∥∥
m∏
i=1
fi
∥∥∥∥
wM
p∗
q
≤
m∏
i=1
(
pi
p∗
) 1
pi
‖fi‖wMpiqi
,
which completes the proof. 
Next, we prove that the bound in Theorem 2.2 is in general sharper than that
in Theorem 2.1. To do so, we need the following theorem.
Theorem 2.3. [AM-GM Weighted Inequality] Let m ∈ N. If xi, wi > 0 for
i = 1, 2, . . . ,m, and w =
∑m
i=1 wi. Then(
m∏
i=1
xwii
) 1
w
≤
m∑
i=1
wixi
w
.
The equality is attained when xi = xj for every i, j ∈ {1, . . . ,m}.
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Proof. If xi = xj for every i, j ∈ {1, 2, . . . ,m}, then equality is clearly attained.
Now suppose that xi 6= xj for some i, j ∈ {1, . . . ,m}. Since the natural logarithm
is a strictly concave function, we can use Jensen inequality to get
ln
(
m∏
i=1
xwii
) 1
w
= ln
(
m∏
i=1
x
wi
w
i
)
=
m∑
i=1
wi
w
ln (xi) < ln
(
m∑
i=1
wixi
w
)
.
Hence, we have (
m∏
i=1
xwii
) 1
w
<
m∑
i=1
wixi
w
,
as desired. 
Now we are ready to prove that our bound is sharper than those in [2].
Theorem 2.4. Let m ∈ N, 1 ≤ p∗ <∞, and 1 < pi <∞ for every i ∈ {1, . . . ,m}.
If
∑m
i=1
1
pi
= 1
p∗
, then
m∏
i=1
(
pi
p∗
) 1
pi
≤ m
1
p∗ ≤ m.
Proof. Let 1
p∗
=
∑m
i=1
1
pi
. By using Theorem 2.3 where xi =
pi
p∗
, wi =
1
pi
, and
w = 1
p∗
, we get (
m∏
i=1
(
pi
p∗
) 1
pi
)p∗
≤
m∑
i=1
1
pi
pi
p∗
p∗ = m.
Hence,
m∏
i=1
(
pi
p∗
) 1
pi
≤ m
1
p∗ ≤ m,
as stated. 
3. CONCLUDING REMARKS
In this note we already proved that generalized Ho¨lder’s inequality in weak
Morrey spaces with bound
∏m
i=1
(
pi
p∗
) 1
pi
and this bound is in general sharper than
the one obtained in [2].
However, we still do not know whether the bound is really sharp, that is, we
still do not know whether there is a function fi ∈ wM
pi
qi
(Rn), i = 1, . . . ,m for some
m ≥ 2, such that ∥∥∥∥
m∏
i=1
fi
∥∥∥∥
wM
p
q
=
m∏
i=1
(
pi
p∗
) 1
pi
‖fi‖wMpiqi
.
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